The effects of spontaneous emission on the threshold characteristics of multimode laser oscillators with mixed line broadening are considered in detail. Most previous studies of multimode laser operation have emphasized the two limits of homogeneous and inhomogeneous broadening. With homogeneous broadening there is a tendency for oscillation in a single longitudinal mode, while in the inhomogeneous limit oscillation over much of the gain spectrum is expected. All practical lasers are somewhere between these limits, and this study explores the mode characteristics of lasers with mixed line broadening. Special attention is given to the important practical case of semiconductor diode lasers, and band-to-band absorption is fully included. -
I. INTRODUCTION
Most of the basic features of laser oscillation are now well understood. Far below threshold the laser output typically is in the form of a spontaneous emission spectrum that has been filtered to some extent by the cavity-mode resonances of the Fabry-Perot laser resonator. This belowthreshold behavior is nearly independent of whether homogeneous or inhomogeneous line broadening is dominant, and in both cases the spectral width narrows uniformly as the laser is brought closer to the oscillation threshold. Well above threshold the behavior is significantly different for the two broadening mechanisms. In the simplest models of homogeneously broadened lasers, it is well known that single-mode operation is expected for operation above threshold. The lowest loss mode clamps the gain and holds all other modes below their oscillation threshold, and this behavior has long been recognized.* Experimentally, it was found that in the vicinity of threshold the output might consist of a large number of cavity modes, and this mode spectrum only reduces to a single mode for operation somewhat above the lasing threshold. ' Analytic expressions have been derived for the oscillation linewidths, mode intensities, and overall spectral envelope of the output from homogeneously broadened lasers for all values of the threshold and noise input parameters; and the results are in good agreement with data obtained using semiconductor lasers3
In inhomogeneously broadened lasers the abovethreshold behavior is very different from the behavior for homogeneously broadened lasers. After passing through a minimum near the oscillation threshold the mode spectrum rebroadens with increased pumping until it reaches the full inhomogeneous linewidth. This occurs because the saturation by the central modes does not reduce the gain seen by the modes in the wings of the gain profile, and those side modes are eventually able to reach their own lasing threshold. Expressions have also been derived for the linewidths, mode intensities, and spectral prolile of inhomogeneously broadened lasers.
While the threshold characteristics of lasers in the limiting cases of homogeneous and inhomogeneous broadening are reasonably well understood, the more practical cases of mixed line broadening have been studied very little. An obvious reason for this more limited effort is the substantial mathematical difliculties that arise for cases of mixed broadening. The possible multimode consequences of mixed line broadening are known for many laser types including semiconductor diode lasers,-and very complex semiclassical models for these systems have been developed. The threshold for multimode oscillation has been obtained neglecting spontaneous emission and saturation by the side modes.' However, the particular problem of the effects of spontaneous emission on multimode oscillation in saturating mixed-broadened lasers has been studied very little. One purpose of the present study is to set up and numerically solve a relatively simple model for such systems.
The spontaneous emission noise effects that lead to multimode oscillation are much stronger in some lasers than in others. The threshold characteristics of semiconductor diode lasers, in particular, are strongly intIuenced by spontaneous emission. The main reason for this sensitivity to noise is the small cross sectional area of the lasing modes and the resulting large fraction of the total spontaneous emission that these modes capture. The large spontaneous emission input is able to drive modes that otherwise would have been below the lasing threshold. The level of spontaneous emission into the spatial modes of a semiconductor laser has been discusssed by several authors.8-26 In the limit of homogeneous broadening, the allocation of the spontaneous emission to the various longitudinal modes of a semiconductor laser has also been consider&27*28 In this study a unified representation of the spectral content of the spontaneous emission input has been developed for use in the rate equation models. This form is valid for any level of inhomogeneous line broadening and for arbitrary mode frequency spacings.
In practice it is well known that semiconductor lasers often have many weaker satellite modes in addition to the main oscillating mode. Sometimes these satellite modes are sustained at a cw level, and sometimes they are found to be time sharing the total laser output power. In general, one finds that diodes which have stronger satellite modes under cw conditions also tend to behave more poorly under mod-ulation. Hence, it would be highly desirable to have a truly single-mode laser without any satellite modes, and it is important to inquire into the factors that control the strength and number of these side modes.
Because of the importance of semiconductor lasers, the model that is described here has been formulated to explicitly include the possibility of band-to-band absorption. For applications to nonsemiconductor lasers this term can be set to zero. For the inhomogeneous broadening function we have used a simple Gaussian profile, as in most previous studies. The Gaussian is exactly appropriate for Doppler broadened gas lasers, and it also provides a plausible approximation to the statistical distributions that may be used to represent other types of inhomogeneous line broadening. The Gaussian profile is not always a good approximation for the more complicated Fermi-Dirac distributions that are applied to semiconductor lasers, but in this application it has the compelling advantages of being both explicit and simple.
A rate equation model for the mode intensities in a mixed broadened laser is developed in Sec. II. This model is valid for arbitrary levels of pumping and spontaneous emission noise input and for arbitrary values of the longitudinal mode spacing and the homogeneous and inhomogeneous linewidths. Solutions to these equations in the homogeneous and inhomogeneous line broadening limits are reviewed in Sets. III and IV, respectively. Solutions for the general mixed broadening case are discussed in Sec. V. It is found that rapid rebroadening only occurs when the homogeneous linewidth is somewhat less than the inhomogeneous linewidth.
II. THEORY
There are several ways in which one can approach the problem of setting up a theoretical model for the behavior of a multimode laser oscillator. All treatments necessarily involve several approximations, and published studies have varied as to this choice of approximations. The details depend on the specific problem under consideration and the level of rigor that is required. An early &@-mode treatment established a basic set of rate equations for a fourlevel laser including an arbitrary degree of inhomogeneous broadening but excluding the spontaneous emission that is added to the laser mode.29 In the meantime there have been several analyses showing how to write and solve multimode rate equations, especially for the case of homogeneous broadening. There have also been many investigations into how the spontaneous emission effects should be included. The results of these studies are mostly consistent with the following general rate equation analysis.
The rate equations governing the populations and the intensity in four-level multimode lasers will be written here as anTz (w,t) at
i aN, (v,st) at =s* (v> +AalN2(Y,z,t) --A*N* (v,z,t) + [N~(v,v,zJ) --N~(v,z,r) I c Bbvj) j x rq-(-4 +q-c&t) I, (2) n aq (z,t) * aqy;t) -c (3) where N2 and iV1 are the population densities of the upper and lower states of the laser transition, S2 and S, are the corresponding pump rates, A2 and A, are the corresponding total Einstein A coefficients for spontaneous decay, Ax1 is the part of the spontaneous decay that goes directly from level 2 to level 1, and B is the Einstein B coefficient for the transition:
where Av, is the homogeneous lmewidth. The intensities of the right and left traveling waves corresponding to mode numberj are represented by 17 and IT, respectively, n is the index of refraction, a: is the internal absorption loss coefficient, and C indicates the fraction of the total spontaneous emission that is added to the lasing modes. The least obvious aspect of the model given above is the spontaneous emission term in Eq. (3) . In this new representation the spontaneous emission from an atom with center frequency v is understood to have a Lorentzian distribution about v with a full width at half maximum of Avh . Thus the elements after the integral signs in the spontaneous emission term are proportional to the rate at which spontaneous emission from atoms having a center frequency between v and v+dv is added to the laser intensity in the frequency band between vi and vi+dvi. After the inner integral is performed, one has an expression proportional to the total spectral density of the spontaneous emission due to all of the emitting atoms. It is useful to associate the spontaneously emitted radiation continuum with the set of discrete cavity modes, and the easiest way to do that is to integrate the emission spectrum over the frequency range between Vi-Av/2 and vj + Av/2, where vj is the dominant frequency associated with mode number j and Av is the cavity mode frequency spacing.30
The normalization of the spontaneous emission term can be verified by considering the limit of a single-mode homogeneously broadened laser. The limit of homogeneous broadening is obtained by letting the pumping rates and population densities become delta functions of frequency centered at the frequency v0 and then using the substitutions
In this way Rqs. (l)- (3) reduce to a.rv,tz,t) at
In the limit of closely spaced modes, the spontaneous emission term in Eq. ( 11) is similar in effect to the formulations in Refs. 27 and 28. In the opposite limit of singlemode operation, the mode spacing Av may be considered to be very large compared to the homogeneous linewidth Alrh . Then the integral in Eq. ( 11) simplifies, and Eqs. (9)- (11) 
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where the mode index j has now been dropped. This reduced set is in a more familiar form and was given as Eqs.
(l)- (3) (3) can be adapted to represent their characteristics.32 In the spontaneous emission terms, N2 can be replaced by N,, the excess above the thermal equilibrium concentration of electrons in the conduction band, and N1 can become N,,, the excess of electrons in the valence band. In the stimulated emission terms, N2 and N1 are replaced by the total concentrations of electrons in the corresponding bands. Then, with some obvious simplifications for a two-level system, Eqs. (l)- (3) become anT,tw,t) at
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where AN, is the thermal equilibrium concentration difference (AN, < O), and the spontaneous emission coefficient is now simply A. If one assumes in addition that charge neutrality is maintained (N,+N,=O), only two equations are necessary, and these can be written anT, (v,st) at
Our main interest here is in the steady-state lasing be havior, and for steady-state operation Eqs. ( 18) and (19) 
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where we have used the deiinition of the Einstein B coefficient given in Eq. (4) together with the normalized frequencies y=2(v-v,)/AVh and Yj=2(Vj--Yo)/AVh and the saturation parameter s=4&/(A?rAvh). The frequency v. is a characteristic frequency for the transition. It is convenient to introduce the normalized intensity Xj=SIj, and then Eq. (24) reduces to (25) At this point it is necessary to specify a form for the inhomogeneous spectral distributions. The actual spectral distributions for semiconductor lasers can be somewhat complicated, and the reader may use whatever distribution is deemed appropriate. As mentioned above, we use here a Gaussian distribution as often encountered in laser studies. Thus, it is assumed that the pump and thermal equilibrium concentration difference distributions are given by
AN&) =AN$ exp( -#)/?r '", (27) where the natural damping ratio is29 E= ( L\vj/.bd) (log, 2) 1'2.
With these substitutions Eq. (25) 
If the gain per pass is small, both Xi+ (z) and X7 (z) may be approximated by a single parameter Xj(Z). It is also now possible to assume that the mirror losses are uniformly distributed over the round trip amplifier path length of 21. With these substitutions the rate of change of intensity with distance around the laser can be written
where r is a threshold parameter which equals the ratio of the unsaturated line center gain to the total cavity losses. The threshold parameter in this case can be written explicitly
where RI and R, are the left and right mirror reflectivities, respectively.
Equation (33) is the principal result of this section, and it is the basis for all of the following calculations. In our numerical solutions it can be used to track the evolution of the individual mode intensities as they start out from arbitrary assumed initial conditions and approach the steady-state relationship dXj(z)/dz=O. In terms of the normalized distance z'=z(go-g'),
Eq. (33) can also be written in the more compact form 
HOMOGENEOUS BROADENING
In some cases it is possible to obtain explicit analytic solutions for the characteristics of multimode laser oscillators. To illustrate this possibility, we will consider first the special case of homogeneous broadening. If it is assumed that steady-state operation has been achieved, Eq. (33) Next, we will assume that the mode spacing is much less than the homogeneous line width ( Ay( 1) . In this limit Eq. (39) becomes 
With the previous assumption that the mode spacing is much less than the homogeneous linewidth, the summation on the right-hand side of Eq. (42) can be replaced by an integral: 2Cml * x=----77 I -l+y:
This integral can be performed using the formula33 s x-' w+l-P-l
and the result can be written
This is a cubic equation for x, and the solutions can be obtained explicitly. The parameter x can then be used in Eq. (41) to determine the basic features of the laser output. The total one-way intensity x, in the laser can be obtained by summing Eq. (41) 
Equation (50) is an explicit expression for the total one-way intensity when the parameter x is known, and x is obtained from Eq. (46). These results are plotted in Fig. 1 for a wide range of values of C and r. The other parameters needed in these calculations include the line center unsaturated gain go and the unsaturated band-to-band absorption g'. For the band-to-band absorption we have used the value g'=38 cm-'. The gain go can be expressed in terms of the threshold parameter r using Eq. (34), and the other parameter values used in this equation include the mirror reflectivities Rl=R,=0.3, nonsaturating distributed intensity loss rate a=40 cm-', and length I= 300 pm. All of these numerical values are the same as those used and discussed in Ref. 3 1. It is clear from the figure that for small values of C the intensity increases abruptly when the gain increases past threshold (r= 1 ), while for larger values of C the threshold transition is not so distinct.
It is also of interest to determine the overall width of the multimode laser spectrum. It follows from Eq. (41) that the spectral shape is always Lorentzian, whether the laser is above threshold or not. In real frequency units the full width of the spectrum at half maximum is
The values for the parameter x are again obtained as solutions of Eq. (46). In Fig. 2 are plots of the spectral width Av, from Eqs. (51) and (46) eter values in these solutions are obtained as described in connection with Fig. 1 . It is clear that, as in experimental studies, there is a rapid narrowing of the mode spectrum as the laser begins to operate above threshold. In Fig. 3 are some typical calculated longitudinal mode spectra, where the normalized mode amplitudes from E!q. (41) are plotted versus the normalized frequency y=2 (V -Vg)/hVh for various values of the threshold parameter. In this example the spontaneous emission parameter is C= 10A3, the mode spacing is hvh/20, and the normalization is such that the center mode amplitude is constant. This figure also shows clearly the rapid line narrowing that occurs near threshold, and the transition is still more abrupt for smaller values of C. This means that when r is slightly greater than unity, oscillation is largely confined to a single longitudinal mode.
As a check on these results, we may compare them to the results obtained in a simpler analytic treatment of multimode lasers. Thus, we consider the case of negligible band-to-band absorption g' =O. In this limit Eq. (46) reduces to
where the threshold parameter from Rq. (34) 
Equation (46) is the same as EQ. ( 18) 
and this result is equivalent to Rq. (23) of Ref.
3. The total intensity from Eqs. (52) and (54) can be plotted yielding results that are similar to those in Fig. 1 . There are, however, important differences between the predicted intensities with and without band-to-band absorption. For example, for small values of the noise parameter C, the above threshold intensity from Rqs. (46) and (50) reduces to x,=0.80( r-1), where the numerical coefficient follows from the assumed numerical values of the various laser parameters employed above. On the other hand, from Eqs. (52) and (54) the total intensity in this limit is xpO.50(r-1). Thus, the inclusion of band-to-band absorption causes a significant change in the laser's intensity characteristics.
The effects of band-to-band absorption on the mode intensity spectrum of the laser can also be explored. If band-to-band absorption is considered to be negligible, the spectral width from Rq. 
The longitudinal mode spectral width from Eqs. (52) and (55) is similar to the spectral width given in Fig. 2 , but here too the quantitative differences between the models with and without band-to-band absorption are substantial.
IV. INH;)MOGENEO"S BROADENlNG
Analytic solutions are also possible in the limit of inhomogeneous broadening ( E( 1). We will first limit our attention to the interesting case that the mode spacing is small compared to the homogeneous linewidth. Thus the summations in Eq. (38) where XCy,) is the effective spectral density in the vicinity of mode n. If the spectral density is uniform over the homogeneous linewidth, then the spectral density can be evaluated at the normalized frequency y and removed from the saturation integrals. These integrals then yield the value r, and Eq. (56) 
In the limit of inhomogeneous broadening (~4 1 >, both the Gaussian functions and the intensity distributions may be removed from the y integrations and the remaining integrals evaluate to 7r. Thus Eq. (57) reduces to
I
For the assumed closely spaced modes the remaining integrals simplify also, and Eq. (58) Furthermore, if the mode spectrum were flat compared to the homogeneous linewidth, the spectrum could be replaced by a spectral density function X(yi) as in Sec. IV above, and the mode summations could be replaced by integrals. Our solutions for mixed broadened lasers have been based on direct numerical solutions of E!q. (6 1) using a RungeKutta method. In Fig. 4 are plots of the spectral width of a mixed l-3. The spectral width is normalized to Av,, the width of the unsaturated mixed-broadened gain spectrum. It is clear from this figure that the spectral envelope narrows as the laser approaches threshold, but then flattens or rebroadens for operation far above threshold. In these examples, substantial rebroadening occurs for e=O.5 but not for the more homogeneously broadened case e= 1 .O. This result is consistent with the conclusion reached in a simplified analysis, in which it was shown that spectral rebroadening should only occur for E < 0.654.7
The corresponding results for the noise parameter C=O.OOOl are shown in Fig. 5 . As with the larger noise parameter employed in Fig. 4 , there is again rebroadening for operation far above threshold. However, with the smaller value of C the above threshold linewidth for the homogeneously broadened cases can be smaller than for with mixed line broadening. A procedure has been described for representing the spontaneous emission noise in such lasers with arbitrary levels of the saturating intensity of the cavity modes, arbitrary line broadening, and arbitrary mode spacing. It has been shown that the broad below-threshold spectral envelope of the cavity modes narrows dramatically as the threshold parameter r increases to unity. For larger values of r the behavior depends strongly on the ratio of the homogeneous to inhomogeneous linewidths. For large values of this ratio, the linewidth continues to narrow as the laser is operated farther above threshold, while for small values of the ratio there is eventually a rebroadening of the spectral envelope. The threshold properties of semiconductor lasers have been of particular interest, and the model developed here includes an arbitrary level of band-to-band absorption.
